Introduction {#Sec1}
============

The achievement of strong coupling between quantum-well excitons and optical photons in semiconductor microcavities^[@CR1]^ has ushered in new lines of research on exciton-polariton systems. Their unique properties in combination with advanced semiconductor technology^[@CR2]^ are exploited for the development of novel devices such as next-generation lasers^[@CR3]^ but also offer a unique platform for fundamental studies of many-body phenomena^[@CR4]^. Their excitonic component endows such polaritons with interactions that can drive a variety of collective phenomena from condensation^[@CR5]^ and superfluidity^[@CR6]^ to solitons^[@CR7]^ and parametric amplification^[@CR8]^. Yet, strongly correlated states and nonlinear processes at the level of individual photons^[@CR9]^ are inherently difficult to realize due to the weak and short-range nature of typical exciton--exciton interactions^[@CR4],[@CR10]^.

Here we describe how one can reach this quantum regime by dressing the photon field of semiconductor microcavities with strongly interacting Rydberg states of excitons, i.e., with semiconductor excitons in excited internal states. Excited states of excitons have been observed in transition metal dichalcogenide (TMDC) monolayers^[@CR11]^ and in cuprous oxide, where Rydberg states with principal quantum numbers of up to *n* = 25 could be demonstrated^[@CR12]^. Both materials host excitons with a very large exciton binding energy, which allows to drive transitions within the exciton manifold. In particular, three-level driving schemes offer the possibility to establish conditions of electromagnetically induced transparency (EIT)^[@CR13]^, enabling strong light matter coupling at suppressed photon losses. Rydberg states feature a number of remarkable properties that are explored and exploited in atomic systems for cavity-QED experiments^[@CR14]^, quantum simulations and information processing^[@CR15]^ as well as quantum nonlinear optics^[@CR16],[@CR17]^. Rydberg exciton polaritons therefore offer a promising combination of such new capabilities afforded by the strong interactions between Rydberg states with the technological advantages of semiconductor photonics. Our theoretical framework permits to deduce the associated nonlinear optical response from the rather complex potential surfaces of interacting Rydberg state manifolds, and it indeed yields nonlinearities that exceed those of ground state systems^[@CR10]^ by many orders of magnitude. Remarkably, this vast enhancement can persist even in the presence of considerable Rydberg state decoherence, up to 10^4^ times stronger then for corresponding atomic Rydberg states^[@CR15]^. This surprising behavior is traced back to an exciton blockade mechanism not previously discussed for atomic systems.

Results {#Sec2}
=======

EIT with semiconductor Rydberg states {#Sec3}
-------------------------------------

Figure [1a,b](#Fig1){ref-type="fig"} illustrate the considered setup based on near-resonant generation of semiconductor excitons by the photon field, $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat {\cal E}^\dagger ({\bf{r}})\hat {\cal E}({\bf{r}})$$\end{document}$ corresponds to the two-dimensional photon density operator in the plane of the cavity. The cavity photons produce ground state excitons at a coupling strength *g*, which are coupled to an excitonic Rydberg state by another strong externally applied coherent laser field with a Rabi frequency Ω. Importantly, the resulting three-level EIT driving scheme provides strong coupling of light to the excitons, while keeping photon loss at a minimum. Its realization in semiconductors requires quasi-particle band gaps in the optical domain as well as large exciton binding energies. With respect to these requirements, cuprous oxide and TMDC monolayers have emerged as suitable platforms. The actual states that form the EIT scheme shown in Fig. [1b](#Fig1){ref-type="fig"} are dictated by the respective band symmetries of the material. In Cu~2~O, the valence and the conduction band have the same parity, such that lowest dipole-allowed transition leads to the $\documentclass[12pt]{minimal}
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                \begin{document}$$\left| g \right\rangle = \left| {2p} \right\rangle$$\end{document}$ exciton of the yellow series at 580 nm^[@CR12]^. Subsequently, the excitons can be excited to an $\documentclass[12pt]{minimal}
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                \begin{document}$$\left| {20s} \right\rangle$$\end{document}$ state at a transition wavelength of 50 μm. Semiconducting TMDC monolayers feature even larger exciton binding energies in the range of 0.3--0.7 eV and a remarkably strong light-matter coupling^[@CR18]^. The excitonic ground state is optically active, such that the $\documentclass[12pt]{minimal}
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                \begin{document}$$\left| g \right\rangle = \left| {1s} \right\rangle$$\end{document}$ exciton can be generated by the optical cavity field, while the excitation to states $\documentclass[12pt]{minimal}
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                \begin{document}$$\left| g \right\rangle$$\end{document}$, here it is illustrated for a two-dimensional semiconductor (TMDC monolayer). Another radiation field (purple) provides coupling to excitonic Rydberg states $\documentclass[12pt]{minimal}
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                \begin{document}$$\left| r \right\rangle$$\end{document}$ whose strong interactions generate a nonlinear response to the cavity field. **b** The cavity field generates deeply bound excitons with a coupling strength *g* and single-photon detuning Δ. The additional field provides for two-photon resonant Rydberg state excitation with a Rabi frequency Ω. **c** The resulting two-photon Rabi coupling $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{{g{{\rm \Omega }}}}{{{\rm \Delta }}}$$\end{document}$ from singly ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left| {0,r} \right\rangle$$\end{document}$) to doubly ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left| \mu \right\rangle$$\end{document}$) excited Rydberg states is strongly influenced by their interactions which cause significant potential energy shifts, *U*~*μ*~(*r*), and distance-dependent coupling strengths $\documentclass[12pt]{minimal}
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                \begin{document}$${\bar{\mathrm \Omega }}_\mu (r)$$\end{document}$, depicted around the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left| {\mu _0} \right\rangle = \left| {10p,10p} \right\rangle$$\end{document}$ (at *K*^+^) pair state. The gray coloring indicates the relative coupling from stongly- (black) to non-coupling curves (light gray). The resulting photon--photon interaction potential *W*(*r*) is shown in **d** for *g*/2*π* = 5561 GHz^[@CR31]^, Δ/2*π* = 700 GHz, ground state broadening *γ*/2*π* = 300 GHz, Rydberg state broadening $\documentclass[12pt]{minimal}
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                \begin{document}$$\bar \gamma /2\pi = 0.3$$\end{document}$ GHz and single-photon Rabi coupling Ω/(2*π*) = 10 GHz (blue), Ω/(2*π*) = 20 GHz (purple), and Ω/(2*π*) = 30 GHz (red). The Bohr radius on the lower axis is *a*~*b*~ = 1.11 nm^[@CR11]^

We calculate the non-hydrogenic excitonic Rydberg series of such single-layered TMDC materials^[@CR19]^, accounting for the screened electron--hole interaction^[@CR11],[@CR20]^ as well as Berry curvature effects arising from the band structure topology^[@CR21],[@CR22]^ (Supplementary Note [1](#MOESM1){ref-type="media"}). In the following, we consider exciton states obtained for a binding energy of 0.3 eV, equal electron and hole masses of 0.26 *m*~e~^[@CR11]^ and a Berry curvature of 0.15 nm^2[@CR22]^. At the *K*^+^- and the *K*^−^-points of the Brillouin zone, the calculated two dimensional excitonic wavefunctions $\documentclass[12pt]{minimal}
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                \begin{document}$$\left| {\phi _{n,m}} \right\rangle$$\end{document}$ are fully characterized by the principal quantum number *n* (radial solution) and the angular component *m* = 0, ..., ±(*n* − 1), which determines the optical selection rules Δ*m* = ±1. We refer to the states with *m* = 0 as *s*-states and to $\documentclass[12pt]{minimal}
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                \begin{document}$$\left| m \right| = 1$$\end{document}$ as *p*-states. As one important consequence of screening and Berry curvature, the degeneracy of the excited states with different *m* is lifted^[@CR21]^---a key requirement for many optical schemes. In Cu~2~O, the degeneracy with respect to angular momentum is lifted by anharmonic contributions to the band dispersion^[@CR23]^.

Interactions of semiconductor Rydberg states {#Sec4}
--------------------------------------------

The nature of the interaction between excitons in excited internal states can differ significantly from that of short-range collisions between exciton ground states^[@CR4]^. Due to its enormous strength, the interaction between Rydberg excitons typically becomes already relevant at such large distances where exchange effects^[@CR24]^ are negligible and direct electrostatic interactions play the dominant role. In fact, the occurrence of Rydberg exciton pairs with smaller distances is prevented by an excitation blockade due to the interactions which shift the energy of the doubly excited state far out of resonance^[@CR25]^. As shown in Supplementary Note [6](#MOESM1){ref-type="media"}, for typical parameters the resulting blockade radius indeed exceeds the so-called LeRoy radius^[@CR26]^ beyond which exchange effects play no significant role. Consequently, the interaction potential has to be determined non-perturbatively by diagonalizing the dipole--dipole interaction operator that couples different pair product states $\documentclass[12pt]{minimal}
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                \begin{document}$$\left| 0 \right\rangle$$\end{document}$. Note that this treatment discards angular momentum state mixing due to the discrete lattice structure^[@CR27]^, which for excited Rydberg states becomes negligibly small compared to the state mixing induced by the dipole--dipole interactions. The diagonalization yields a set of interaction potentials as shown in Fig. [1c](#Fig1){ref-type="fig"}. The resulting interaction Hamiltonian can be written as$$\documentclass[12pt]{minimal}
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                \begin{document}$$c_{ij,\mu }^ \ast$$\end{document}$ of the two-exciton eigenstate also play an important role since they determine the effective optical coupling strength $\documentclass[12pt]{minimal}
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                \begin{document}$$\left| \mu \right\rangle$$\end{document}$, which is indicated by the gray shading of the potential curves in Fig. [1c](#Fig1){ref-type="fig"}. The distance dependence arises from the distance-dependent mixing of Rydberg states with different single-exciton Rabi couplings Ω~*i*~ by the dipole--dipole interaction. Even though there are many potential curves, only a few of them couple to the applied laser field due to the optical dipole selection rules and the interaction-induced mixing of optically active and inactive product states $\documentclass[12pt]{minimal}
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                \begin{document}$$\left| {\phi _i,\phi _j} \right\rangle$$\end{document}$. In fact, it is the combination of the large energy shifts by the interaction potentials *U*~*μ*~(*r*) and the spatially dependent coupling strengths $\documentclass[12pt]{minimal}
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                \begin{document}$${\bar{\mathrm \Omega }}_\mu (r)$$\end{document}$ which gives rise to the nonlinear optical response discussed below.

Nonlinear optical response {#Sec5}
--------------------------

The emergence of a nonlinear optical response is readily understood within a simplified picture known from atomic systems^[@CR16],[@CR17]^, where one assumes vanishing Rydberg state decay ($\documentclass[12pt]{minimal}
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                \begin{document}$${{\rm \Omega }}^2{{\rm /}}\left| {{\rm \Gamma }} \right|$$\end{document}$ determined by the Rydberg excitation Rabi frequency Ω and Γ = *γ* − *i*2Δ, which is given by the decay rate *γ* and the single-photon detuning Δ from the low-lying exciton line (see Fig. [1b](#Fig1){ref-type="fig"}). Therefore, the otherwise high optical susceptibility originating from the strong exciton-cavity coupling can be greatly reduced by resonant Rydberg state coupling. This effect can be traced back to the formation of dark-state polaritons^[@CR13]^ whose coherence properties in the present case are predominantly limited by the Rydberg state linewidth rather than the large decay rate of the low-lying exciton state. The strong interactions between Rydberg states can, however, drastically modify this picture. As discussed above, the level shift, $\documentclass[12pt]{minimal}
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                \begin{document}$$U_{\mu _0}(r)$$\end{document}$, induced by a single Rydberg excitation can be sufficient to inhibit any further excitation in its vicinity. This interaction-induced Rydberg excitation blockade thus prevents the establishment of EIT conditions and thereby exposes the strong optical response of the low-lying transition. The interplay of interaction-induced level shifts and EIT, therefore, provides a simple mechanism for the emergence of strong, spatially nonlocal optical nonlinearities^[@CR28]^ that has been demonstrated in a number of recent experiments in atomic systems^[@CR16],[@CR17]^.

In a semiconductor, however, the much larger energy scales for the light-matter coupling and stronger decoherence prompt the necessity of a more advanced theory that accounts for the collective coupling to a large manifold of strongly interacting Rydberg exciton states. To this end, we determine the nonlinearity for coherent light fields, described by the amplitude $\documentclass[12pt]{minimal}
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                \begin{document}$${\cal E}$$\end{document}$ in terms of the potential curves *U*~*μ*~ and the elements *c*~*ij*,*μ*~ (Supplementary Note [4](#MOESM1){ref-type="media"}). In this way, one can relate the rather complex manifold of interaction potential curves (Fig. [1c](#Fig1){ref-type="fig"}) to a single nonlocal nonlinear response function for the photon field (Fig. [1d](#Fig1){ref-type="fig"}).
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                \begin{document}$$W(r) \approx \frac{{{{\rm \Omega }}^2}}{{4g}}{{\rm Re}}\left[ {\chi ^{(3)}(r)} \right]$$\end{document}$. As illustrated in Fig. [1d](#Fig1){ref-type="fig"}, the resulting nonlinear kernel is indeed highly nonlocal and extends over several hundred Bohr radii *a*~*b*~, much further than the characteristic length scale of interactions between ground state excitons of a few Bohr radii^[@CR10]^. The obtained soft core shape of *W*(*r*) is consistent with the described blockade mechanism. Its strength can reach values up to several tenths of eV, which in part arises from the high excitonic fraction, ≈4*g*^2^/(4*g*^2^ + Ω^2^), of the dark-state polaritons formed under EIT conditions^[@CR13]^. Remarkably, this behavior persists in a regime where the above simple picture of a single blockaded Rydberg state breaks down entirely and the broadened Rydberg exciton lines cover many interacting pair states that are shifted to near-resonant energies (Fig. [1c](#Fig1){ref-type="fig"}). This important effect can be traced back to the strong redistribution of the optical coupling strength, $\documentclass[12pt]{minimal}
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                \begin{document}$$W(r \to 0) \approx \frac{{8g^2{{\rm \Delta \Omega }}^4}}{{\left| {{{\rm \Omega }}^2 + {{\rm \Gamma }}\bar \gamma } \right|^2 \cdot \left| {{\rm \Gamma }} \right|^2}}$$\end{document}$$is identical to the one estimated from the simplified single-state model as both mechanisms prevent the excitation of two nearby Rydberg excitons (Supplementary Note [5](#MOESM1){ref-type="media"}). It is this dilution blockade that facilitates the emergence of strong photon interactions even for substantially broadened Rydberg excitation lines, which is typically neglected for atomic systems but is fully accounted for in the present formalism.

Note that the extended range of the excitation blockade---either by shifting the pair state energy or diluting the corresponding optical coupling---justifies the applied treatment of the Rydberg exciton interactions. In fact, other mechanisms such as higher-order multipole couplings or exchange interactions would become relevant only at distances where a strong excitation blockade is established and, thus, do not contribute to the optical response (Supplementary Note [6](#MOESM1){ref-type="media"}).

The nonlinearity can be probed experimentally by measuring the associated frequency shift $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta _{{{\rm nl}}} \approx \frac{{4g^2}}{{{{\rm \Omega }}^2}}\alpha \left| {\cal E} \right|^2$$\end{document}$ of the cavity transmission line. Here *α* = ∫d*r*^2^*W*(*r*) characterizes the effective photon interaction, in equivalence to the effective polariton scattering length arising from collisional exciton interactions as observed, for example, in GaAs^[@CR10]^. As shown in Fig. [2a](#Fig2){ref-type="fig"}, the interaction strength achievable with Rydberg excitons exceeds that of collisional interactions by several orders of magnitude and it strongly increases with the principal quantum number $\documentclass[12pt]{minimal}
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                \begin{document}$$\sim n^{\frac{{14}}{3}}$$\end{document}$.Fig. 2Optical nonlinearity induced by Rydberg interactions. **a** Integrated interaction strength *α* for the *m* = 1 excitonic series at the *K*^+^- (red) or *K*^−^-point (blue) of the Brillouin zone with Ω/2*π* = 60 GHz, $\documentclass[12pt]{minimal}
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                \begin{document}$$\bar \gamma = \gamma {{\rm /}}n^3$$\end{document}$ and the remaining parameters as in Fig. [1](#Fig1){ref-type="fig"}, i.e., *g*/2*π* = 5561 GHz^[@CR31]^, Δ/2*π* = 700 GHz, and *γ*/2*π* = 300 GHz. The solid line shows the *α* \~ *n*^14/3^ scaling found for both *K*-points which results from the large-distance \~*n*^11^ dependence of the Rydberg exciton interaction and the considered $\documentclass[12pt]{minimal}
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                \begin{document}$$\bar \gamma \sim n^{ - 3}$$\end{document}$ decrease of their linewidth^[@CR12]^. For lower principal quantum numbers, however, the interaction strength features a significant valley dependence. For comparison, the arrow indicates the nonlinearity measured^[@CR10]^ for ground-state excitons in GaAs. The inset shows corresponding transmission spectra upon changing the cavity frequency for *n* = 10 in the linear regime (dashed line) and for small driving $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left| {\cal E} \right|^2 = 2.5 \times 10^{ - 5}$$\end{document}$ μm^−2^ (solid line). Both curves are scaled by the maximum of the linear transmission line. The cavity detuning Δ~c~ is shown in units of the width *w*~c~ of the linear transmission line. **b** illustrates that the nonlinearity persists in the presence of significant Rydberg state broadening, $\documentclass[12pt]{minimal}
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                \begin{document}$$\bar \gamma$$\end{document}$, as shown for *n* = 10, *γ*/2*π* = 300 GHz (blue), *γ*/2*π* = 1200 GHz (red) and *γ*/2*π* = 2400 GHz (green) with Δ = 2*γ* and at constant $\documentclass[12pt]{minimal}
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While the finite Rydberg state linewidth can often be neglected for atomic systems^[@CR15]^, it may present a major limiting factor for solid-state settings. However, as shown Fig. [2b](#Fig2){ref-type="fig"}, the vast enhancement of the optical nonlinearity even persists for a substantial broadening of $\documentclass[12pt]{minimal}
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                \begin{document}$$\bar \gamma \approx 0.1$$\end{document}$ meV, which is one order of magnitude higher than what would be expected from pure radiative decay in WSe~2~ monolayers^[@CR29]^. Equally important, the enormous strength of the nonlinearity makes it possible to operate at such low probe-light intensities that additional exciton-density dependent effects^[@CR29],[@CR30]^ would not degrade the coherence of the system in the present situation.

Photon statistics {#Sec6}
-----------------

Having established the emergence of a strong nonlinear response to weak coherent light fields in spatially extended geometries, we can finally explore its effect on a few-photon quantum level. To this end, we now consider the limit of a cavity that is coherently driven over a small illumination area with diameter *d*. For sufficiently small *d*, the cavity can only accommodate a single Rydberg exciton due to either or both of the blockade mechanisms described above. As a result, a single cavity polariton will expose the high optical response of the low-lying exciton transition and it is thus expected to ultimately block photon transmission for a sufficiently strong cavity coupling. To describe this effect we now start from the Heisenberg equation for the photon field operator $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat {\cal E}({\bf{r}},t) = \frac{{2g}}{{{{\rm \Gamma }}_{{{\rm cav}}}{{\rm \Gamma }} + 4g^2}}\mathop {\sum}\limits_k {\kern 1pt} {{\rm \Omega }}_k\hat X_k({\bf{r}},t) + \frac{{2{{\rm \Gamma }}\eta }}{{{{\rm \Gamma }}_{{{\rm cav}}}{{\rm \Gamma }} + 4g^2}}E^{{{\rm in}}}$$\end{document}$$to re-express the photon field in terms of the Rydberg exciton operators. Here Γ~cav~ = *κ* − 2*i*Δ~c~ is determined by the cavity decay constant *κ* and the cavity detuning Δ~c~ and *E*~in~ is the strength of the coherent cavity driving field while *η* denotes the corresponding efficiency of the photon cavity coupling. This yields a closed equation for the exciton dynamics which can be solved and used to analyze the photon statistics using Eq. ([6](#Equ6){ref-type=""}) (Supplementary Note [7](#MOESM1){ref-type="media"}). Figure [3a](#Fig3){ref-type="fig"} shows the two-photon correlation correlation function at zero time delay, *τ*,$$\documentclass[12pt]{minimal}
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                \begin{document}$$R_{{\rm b}}^{({{\rm X}})} \approx 14.6$$\end{document}$ μm for *n* = 20 in an equivalent setup.Fig. 3Photon correlations. **a** Equal-time photon-photon correlations *g*^(2)^(0) of the transmitted light as a function of the diameter, *d*, of the illumination area for different Rydberg state linewidths, $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sim \bar \gamma ^{ - 1/6}$$\end{document}$

Discussion {#Sec7}
==========

Our results show that Wannier Rydberg excitons provide an intrinsic mesoscopic lengthscale capable of supporting collective excitations that permit the all-optical manipulation of light. Yet, this photon interaction range can be much smaller than typical system sizes, which opens up a new regime of photonic many-body physics, well beyond the capabilities of corresponding atomic systems. With Cu~2~O and TMDC monolayers two promising and complementary platforms featuring Rydberg excitations have emerged. From an optics perspective, a great advantage of single-layered TMDCs is the strong achievable light-matter coupling and two-dimensional geometry, which is naturally suited for integration in microcavities^[@CR31]^. A central challenge lies in the exciton linewidth that depends on several factors, such as the temperature, exciton density, and the addressed states. Recent experiments^[@CR32]--[@CR34]^ on ground state excitons in TMDC monolayers have achieved a strong suppression of inhomogeneous broadening effects well below the homogenous linewidth, which at low temperatures and exciton densities predominantly arises from radiative decay, with measured values of *γ*/2*π* \~ 400 GHz^[@CR29]^. We have shown that the nonlinear phenomena discussed in this work persist even at ten times larger linewidths than estimated from the expected \~ *n*^−3^ scaling of the rate of radiative Rydberg state decay. We finally note that increasing the control field strength Ω would allow to tolerate yet broader Rydberg state linewidths due to an enlarged EIT window, whilst only leading to a minor decrease of the blockade radius.

Experiments with Cu~2~O have made it possible to observe the $\documentclass[12pt]{minimal}
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                \begin{document}$$\bar \gamma \propto n^{ - 3}$$\end{document}$ scaling of the linewidth, where Rydberg state excitation to quantum numbers of *n* = 25 could be demonstrated^[@CR12]^. While the *np*-Rydberg series probed in these experiments appears behind a broad phonon background originating from the excitation of $\documentclass[12pt]{minimal}
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                \begin{document}$$\left| {1s} \right\rangle$$\end{document}$ excitons together with LO phonons at around 13.2 meV^[@CR35]^, the two-photon coupling to $\documentclass[12pt]{minimal}
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                \begin{document}$$\left| {ns} \right\rangle$$\end{document}$-Rydberg excitons^[@CR36]^ considered in this work suggests strongly suppressed direct phonon-generation and significantly improved coherence properties since the $\documentclass[12pt]{minimal}
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                \begin{document}$$\left| {2p} \right\rangle$$\end{document}$-population is strongly suppressed under EIT conditions. An open challenge for Cu~2~O excitons is the construction of efficient cavities to compensate for the otherwise weak (dipole-forbidden) exciton coupling constant.

The exaggerated properties of Rydberg excitons^[@CR37]^ combined with the integrability and continually advancing functionalities of low-dimensional and bulk semiconductors^[@CR38],[@CR39]^ hold promise for few-photon^[@CR9]^ applications in both systems. Already on a classical level, the typical time and energy scales of the described systems may enable fast optical switching at ultralow light-intensities, and the exploration of new collective nonlinear phenomena in exciton-polariton condensates.
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